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Abstract

The major issue in reconstruction of optical imaging might be the ill-posedness of the problem. In this paper, four different algorithms,
including singular value decomposition (SVD), the truncated SVD, Tikhonov regularization and adaptive regularization, are analyzed
and applied for solving the matrix equation generated from diffuse equation based on finite-element method in fluorescence molecular
tomography. Results illustrate the need for either imposition of regularization term or elimination of too small singular values in reduc-
ing the ill-posedness. The results also suggest that the adaptive-regularization method offers superior performance in the reconstruction
among the four methods in most cases even if the initially selected regularization parameter is not optimal, thus providing the conve-
nience for the reconstruction.
� 2008 National Natural Science Foundation of China and Chinese Academy of Sciences. Published by Elsevier Limited and Science in

China Press. All rights reserved.
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1. Introduction

The problem of target reconstruction in optical imaging
can be converted by solving the non-square matrix equa-
tion [1–4]. Since the matrix is always ill-posed, overcoming
the ill-posedness and getting a stable solution of the matrix
equation are the major issues of such a problem [3].

There are three main characteristics in the ill-posed
problem [5], that is, (1) the matrix equation might not have
a solution; (2) the solution to the matrix equation might
not be unique; and (3) the solution might not be a contin-
uous function of the measurement. The third characteristic
is probably the most serious one since measurement errors
as well as discretization errors in the forward solution may
cause large errors in the solution.

In the optical reconstruction, several approaches have
been attempted to solve the ill-posed problem. The most
important one is Tikhonov’s regularization method, which
is widely used in various optical inverse problems [6]. How-
ever, it is difficult to obtain the optimal regularization
parameter, since effective determination of the parameter
requires knowledge of the true solution [5]. In the inverse
problem of optical diffuse tomography (ODT), the method
for reducing the ill-posedness is the imposition of prior
knowledge as constraints [7]. And in the reconstruction
of bioluminescence tomography (BLT), the adaptive
finite-element method is often adopted [4,8]. In this
approach, the coarse volumetric finite-element mesh is ini-
tially provided to estimate the rough location, which is
employed as the permissible source region. Then, the local
mesh refinement is performed in the permissible source
region in order to estimate the source position more pre-
cisely. The purpose of this approach is also to reduce the
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ill-posedness of the optical problem. With whatever meth-
ods mentioned above, the regularization term is imposed as
a restriction on the original problem, assuring that small
changes in the data lead to small changes in the solution.
As a result, determining an appropriate regularization
parameter is a critical step in the inversion procedure.

The ill-posedness might also exist in the problem of fluo-
rescence molecular tomography (FMT), another imaging
method in the molecule imaging. Herein, we attempt to
study the methods of transforming the ill-posed problem
in FMT into the well-posed one in the form of matrix equa-
tion. In this paper, the inversion results with four different
algorithms, including singular value decomposition (SVD),
the truncated SVD, Tikhonov regularization with the non-
optimal regularization parameter, and our proposed
adaptive-regularization method, are analyzed in a series
of simulations. The first algorithm is applied to demon-
strate that the FMT problem is ill-posed, while the other
three algorithms provide different methods for reducing
the ill-posedness. The influence of the regularization
parameter on the solution is studied. Results suggest that
the adaptive-regularization method offers superior perfor-
mance in the reconstruction among the four methods in
most cases even if the initially selected regularization
parameter is not optimal, while the truncated SVD is also
an alternative algorithm except when it is applied in resolv-
ing two targets close to each other on the z-axis.

2. Methodology

2.1. Forward problem of FMT

According to the diffusion theory, the model of photon
propagation can be described in a continuous wave (CW)
fluorescence imaging experiment as in Refs. [2,9–12]:

r � ½DxðrÞrUxðrÞ� � laxðrÞUxðrÞ ¼ �Hsdðr� rslÞ ð1Þ

r � ½DmðrÞrUmðrÞ� � lamðrÞUmðrÞ ¼ �UxðrÞgðrÞlafðrÞ ð2Þ

Here, r is the position vector; Ux(r) and Um(r) represent
the excitation and emission photon intensities (photons/
cm2/s) at position r, respectively; lax,m is the total absorption
coefficient at the respective wavelengths; Dx,m is the optical
diffusion coefficient equivalent to 1=3ðlax;mþ l0sx;mÞ, where
l0sx;m is the reduced scattering coefficient (cm�1); g(r) is the
fluorophore’s quantum efficiency and laf is the absorption
coefficient due to fluorophores (cm�1), which is directly
proportional to the fluorophore concentration; rsl (l = 1,2,
. . . ,L) represents the different excitation positions where
the amplitude of the point source is Hs. The coupled diffu-
sion equations are supplemented by the Robin-type bound-
ary conditions on the boundary [13,14].

The finite-element method (FEM) has been widely used
to solve the partial differential Eqs. (1) and (2). Two stiff-
ness matrices are combined for each element, Kx for the
excitation Eq. (1) and Km for the emission Eq. (2). Then,

the solutions of Eqs. (1) and (2) are obtained by solving
the matrix equation

KxUx ¼ Lx ð3Þ
KmUm ¼ Fx ð4Þ

where Lx and Fx are on the right-hand side of excitation
and emission equations after the finite-element transforma-
tion [7].

For each rsl (l = 1,2, ... ,L), the corresponding Ux,sl is
directly obtained by solving Eq. (3) since the stiff matrix
Kx is symmetrical and positively definite. Then Eq. (4)
can be changed to Um;sl ¼ K�1

m;slFx ¼ Ax for each Ux,sl

[15]. Since Ux,sl includes the measurement on the boundary
of phantom and the interior vertices, the rows of matrix A
corresponding to the surface measurement can be chosen
to form the new matrix equation Wx = b, where b corre-
sponds to the surface measurement.

2.2. Methods in solving the matrix equation

According to Section 2.1, based on FEM, the diffusion
equation in FMT can be derived into the matrix equation
Wx = b, where W is the weight matrix, x is the fluorophore
concentration indicating the position of the target, and the
right-hand side of the equation represents the measure-
ments on the boundary.

2.2.1. Singular value decomposition (SVD)
Singular value decomposition (SVD) is one of the most

often used methods for obtaining the generalized inverse
[16]. According to the SVD theory, the (m,n) matrix W
can be expressed as

W ¼ US0V�

where U is the unitary matrix with the order of m and V is
the unitary matrix with the order of n. S0 is a diagonal ma-
trix that can be expressed as

S0 ¼
S 0

0 0

� �

where S ¼
s1 0

. . .
0 so

0

@

1

A; s1 � s2 � . . . � so > 0 .

Then the generalized inverse of W is Wþ ¼

V
S�1 0

0 0

� �

U�, and so x = W+b.

In fact, the solution of such a matrix equation can be
obtained by minimizing the sum-of-squared-error criterion
function ||Wx � b||2. Since the problem of minimizing such
function can be solved by a gradient search procedure [17],
the solution that best fits the matrix equation is
x ¼ ðW�WÞ�1

W�b when W * W is nonsingular. Replacing
W with its SVD form, we can find that
Wþ ¼ ðW�WÞ�1

W�, which indicates that the generalized
inverse by SVD is equivalent to the form obtained by min-
imizing the sum-of-squared-error.
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When W * W is singular, however, the inverse of it can-
not be acquired exactly. Therefore, the problem of solving
the equation is ill-posed. Many efforts have been put into
reducing the ill-posedness, and some of them will be intro-
duced in detail and applied in the numerical experiments
below.

2.2.2. The truncated SVD

One of the approaches used to deal with the problem of
ill-posedness is the truncated SVD [18]. According to the
generalized inverse by SVD, it can be found that the reci-
procal of the singular value cannot be accurately calculated
by computer if the singular value is too small. The experi-
ment [19] has demonstrated that those singular values that
were less than the threshold most possibly corresponded to
the noises caused by experiment, and the threshold was
obtained by the experiment. This is the basis of the trun-
cated SVD.

Assuming s1 � s2 � . . . � st � h � stþ1 � . . . � so > 0,
where h is the threshold.

Let Strun ¼

s1

s2

s3

. . .
st

0

B

B

B

B

@

1

C

C

C

C

A

, then the approxi-

mate generalized inverse of W can be expressed as

Wþ
0 ¼ V0S�1

trunU�0

where V0 is an (n, t) matrix, the first t columns of the matrix
V, and U0 is an (m, t) matrix, the first t columns of the ma-
trix U.

2.2.3. Tikhonov regularization

As mentioned in Section 2.2.1, the solution might not be
stable due to the singularity of W * W. Tikhonov [20] sug-
gested that some mathematical constraints should be
imposed as the supplementary information to bound on
the norm of the solution in order to obtain a unique and
stable solution from the measurements. The regulation
method is to make sure that the fluctuation of x is not that
large when b contains measurement errors, which is
described as ~b. That is [21],

Wx ¼ ~b; where k~b� bk � d ð5Þ

The solution of Eq. (5) is xa ¼ ðW 0W þ aIÞ�1
W 0~b; and a is

chosen to satisfy that,

kxa � xk �
ffiffiffi

a
p
kv0k þ kWþkd ð6Þ

where x is the normal solution of Wx = b, the vector v0 sat-
isfies W0v0 = �x, and W+ is the generalized inverse of ma-
trix W.

It is a hard task and a challenging problem to determine
the optimal regularization parameter. Generally, effective
estimation of the parameter in Tikhonov regularization
requires the knowledge of true solution [4]. Currently, some

new methods are developed to select the optimal a includ-
ing the L-curve, generalized cross-validation (GCV), and
the discrepancy principle [22]. Although these methods
are easily defined and quite satisfying intuitively, comput-
ing the regularization value in a numerically reliable way
is perhaps not as easy as it seems.

2.2.4. Adaptive regularization

Since the regularization parameter in Tikhonov regular-
ization is difficult to estimate, it is possible to consider a
method that can adjust the parameter during the calculat-
ing process if the initially selected parameter is not optimal,
which we called adaptive regularization. In fact, Leven-
burg–Marquardt method [23], which searches for the glo-
bal extreme value of the defined criterion nonlinear
function, has proved to be an efficient method in solving
the nonlinear problems and has been successfully applied
in the problem of optical tomography [3]. Similar to the
procedure of Levenburg–Marquardt method (LM), the
adaptive regularization is proposed by the following steps:

Step 1: Set a to be an initial value, set n = 0 to be the iter-
ation, and set x = x(0) = 0; flag = 0.

Repeat
Step 2: Find a correction Dx to x(k) by solving

ðW�W þ aIÞDx ¼W�ðb�WxðkÞÞ:

Step 3: x(k+1) = x(k) + Dx.
Step 4: Set the residual res(k) = ||b�Wx(k+1)||.
Step 5: If flag = 1, go to step 7; else go to step 6.
Step 6: If res(k) < res(k�1), a = 0.5a; else a = 2a, flag = 1.

Go to step 2.
Step 7: k = k + 1.

The procedure does not end until ||res(k) � res(k�1)|| is
sufficiently small.

3. Simulations and results

A series of numerical experiments are designed to com-
pare the four reconstruction methods shown in Section
2.2.

3.1. Experimental setup

The experimental setup is based on the imaging config-
uration of the free-space FMT with 360� geometry projec-
tions [24]. The phantom to be imaged is located on a
rotating stage, with a laser beam illuminated on its surface.
A CCD camera is used to collect the fluorescent photon
fields propagating from the surface and it is placed on
the opposite side of the laser.

A cylinder with a radius of 1.25 cm and a height of 6 cm
is selected as the phantom. The phantom media is chosen
to be homogeneous with its optical diffusion coefficient
of D = 1/15.25 cm and absorption coefficient of la =
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0.25 cm�1 to mimic the background of phantom. Fluores-
cent target is embedded in the phantom. Here, the point
source is selected as the target in the simulations. Fluores-
cence tomography of 360 full view is performed using 30
projections. The projections are at an interval of 12�. The
laser beam is modeled as an isotropic point source, located
at one mean free path of photon transport beneath the sur-
face [15].

Our simulations were implemented with the software
COMSOL Multiphysics 3.3, which has greatly facilitated
the design and solution of PDE (partial differential equa-
tion)-based physical problems in FEM. Both the stiffness
matrices mentioned in Section 2.1 and the measurements
on the surface are generated by COMSOL software.
Because of the ability to interface with MATLAB of COM-
SOL Multiphysics, the algorithm we have proposed was
coded in MATLAB 7.1 for flexibility. All process of simu-
lation was carried out on a Pentium 4 1.5 GHz and 1 GB
RAM computer.

3.2. Reconstruction for a single target

First, reconstruction for a single fluorescent target was
performed with the four different inversion schemes. In this
simulation, a point source was embedded in the phantom,
the fluorescent yield of which was set to be 1. The recon-
structed yield of target is normalized and shown in the
form of colormap using slide view in Fig. 1(a)–(d), with

SVD, the truncated SVD, Tikhonov regularization with
non-optimal parameter which is the initial parameter in
the adaptive regularization, and the adaptive regulariza-
tion, respectively. The unit in the x-axis and y-axis was
centimeter.

3.3. Reconstruction for dual targets

The simulation for dual targets was also performed to
further compare the four algorithms and evaluate the reso-
lution that can be achieved by each reconstruction method.
Herein, two numerical experiments were designed. In both
of them, two targets were embedded at the middle of the
phantom. This setup represents the worst resolution case
since resolution is expected to be worse at the furthest dis-
tance from the sources and detectors [25]. In addition, to
simulate the real case, dataset for the inverse algorithm in
this section was added with 1% Gaussian distribution
noise, i.e.

bsim ¼ bmeað1:0þ 0:01 � Gð0; 1ÞÞ ð7Þ

where G(0,1) is the Gaussian noise with zero mean and var-
iance one.

The first experiment is designed to evaluate how well the
two targets can be resolved by each algorithm, and the
results are shown in the view of x–y plane in Fig. 2(a)–(d).

To better observe the process of adaptive regularization,
some intermediate reconstructed results are shown in

Fig. 1. The x–y cross-section of the reconstruction results for single target with (a) SVD, (b) the truncated SVD, (c) Tikhonov regularization with the non-
optimal parameter, (d) adaptive regularization. The black circle in each figure represents the real fluorescence target.
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Fig. 2. The x–y cross-section of the reconstruction results for dual targets with (a) SVD, (b) the truncated SVD, (c) Tikhonov regularization with the non-
optimal parameter, (d) adaptive regularization.

Fig. 3. Results at subsequent iterations of the adaptive regularization when (a) the parameter is initially selected, and when ||res(k) � res(k�1)|| is firstly less
than (b) 0.01, (c) 0.001 and (d) 0.00001.
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Fig. 3. Fig. 3(a) shows the distribution of x(k) on the x–y

plane when k = 1, and Fig. 3(b)–(d) shows the same distri-
bution when ||res(k) � res(k�1)|| is firstly less than 0.01, 0.001
and 0.0001. From Fig. 3 we can see that the solution is get-
ting closer and closer to the real position of the two targets.

The second experiment was designed to evaluate how
well the two targets can be resolved on the z-axis, and
the real positions of both point source targets were placed
on the center axis of the phantom. The slide that contains
the center axis and parallels the x-axis is selected to show
the reconstructed result in Fig. 4.

3.4. Influence of initially selected regularization parameter in

adaptive regularization

To demonstrate that adaptive regularization could offer
good reconstruction performance, four initially selected
parameters with different orders of magnitude were used,
respectively, in the algorithm. Fig. 5 shows the norm of res-
idue after each iteration step, along with the ultimate
reconstruction results.

4. Discussion and conclusion

Results show that SVD (Figs. 1(a), 2(a) and 3(a)) cannot
estimate the position of the targets accurately, which dem-
onstrates that the fluctuation of the matrix and the right-
hand side of the equation might cause the dramatic error
of solution when the weight matrix is ill-posed. Compared
with SVD, the error between the reconstructed target’s
position and the real position is less than 0.5 mm with trun-
cated SVD method (Figs. 1(b), 2(b) and 3(b)). From the
comparison, we can see that the reconstruction perfor-
mance might be compromised due to the too small singular
values of the weight matrix, and with the appropriate set-
ting threshold (in our simulations, the threshold is set to
be 0.0001) truncated SVD would improve the reconstruc-
tion performance.

The comparison between Tikhonov regularization (Figs.
1(c), 2(c) and 4(c)) and adaptive regularization (Figs. 1(d),
2(d) and 4(d)) demonstrates that the initial parameter is
truly the non-optimal one and Tikhonov regularization
with such a value may not get the accurate result, and that

Fig. 4. Reconstruction results for dual targets with (a) SVD, (b) the truncated SVD, (c) Tikhonov regularization with the non-optimal parameter,
(d) adaptive regularization, in the view of z-axis.
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dynamically adjusting the regularization parameter in the
adaptive regularization process results in more accurate
positioning (Fig. 1(c) and (d)), and the method resolves
dual targets more clearly both on the x–y plane (Fig. 2(c)
and (d)) and on the z-axis (Fig. 4(c) and (d)). Fig. 3(a)–
(d) shows the intermediate reconstructed results as the reg-
ularization parameter is being adjusted, which represents
the process of obtaining the ultimate result. In particular,
Fig. 2(c) is similar to Fig. 3(b) since both of them demon-
strate that the two targets fail to separate when they are at
a distance of 0.3 cm. In Fig. 3(c) and (d), however, after
dynamical adjustment of the parameter based on the trend
of residual, the targets are separated gradually. In our sim-

ulation, the regularization parameter is initially set to be
0.0001 both in Tikhonov regularization and in adaptive
regularization. The results indicate that this parameter
might not be the one that is most efficient in reducing the
ill-posedness, but the adaptive-regularization method is
efficient in getting the ultimate accurate solution. Besides,
the maximum length unit of the edges of the voxels is
0.3 cm, which restrains the least resolution in reconstruc-
tion. From this aspect, the reconstructed result with adap-
tive method can be viewed as the accurate one with the
resolution of 0.3 cm.

Compared with the results on x–y plane, the reconstruc-
tion on z-axis is not so accurate since the two targets on the

Fig. 5. Influence of initially selected regularization parameter in adaptive regularization. (a) The initial regularization parameter is set to be 0.001, (b) the
initial regularization parameter is set to be 0.0001, (c) the initial regularization parameter is set to be 0.00001, (d) the initial regularization parameter is set
to be 0.000001, (e) the norm of residue after each iteration step of adaptive regularization with different initially selected parameters.
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same z-axis with the distance of 0.3 cm cannot be separated
as they can on the x–y plane with the same distance. Yet
adaptive regularization outdoes the other three in separat-
ing the targets (Fig. 4(d)).

For the equation Wx = b, if the problem itself is well-
posed, there is no need for the induction of regularization
parameter, i.e. a = 0. If the residue has the trend of
descending, it can be regarded that the solution is stable
under current regularization parameter and we might
attempt to decrease the parameter to see whether a more
accurate solution is obtained in the next step. On the other
hand, if the parameter gets too small to reduce the ill-
posedness, the residue might increase compared with the
previous step. In our simulations, res(2) < res(1), from which
it is assumed that the parameter that can best reduce the ill-
posedness might be less than the parameter of 0.0001 we set
initially. The result shown in Fig. 5 is the supplementary of
the investigation of adaptive regularization. In the simula-
tion, the regularization parameter selected initially seems to
make minor influence on the reconstruction result since
two targets in the phantom are ultimately resolved.
Besides, the plots of res(k), the norm of residue of the k
th step, share the same trend though res(1) are different with
different initial parameters. The result suggests that such
strategy of dynamical adjustment is robust with the non-
optimal parameter and the parameter adjusted during the
iteration process.

Although the heuristic method in Step 6 is similar to
LM, there are two differences between the two methods.
On one hand, LM is used to make the balance between gra-
dient descent method and the Hessian, expecting to get
close to the minimum in the optimization of the nonlinear
problem. On the other hand, adaptive method is applied to
solve the linear problem and attempt to best reduce the ill-
posedness of the matrix. Secondly, the matrix W in LM is
the function of the subsequent iteration results and the ele-
ments of it are changed, while the matrix in adaptive regu-
larization remains constant. Therefore, the adaptive
regularization is tried to find the optimal regularization
parameter according to the subsequent residue of iteration.

In summary, comparisons between different methods in
solving the matrix equation are made in several reconstruc-
tions. Results show that either the regularization method
or the truncation of singular values might be helpful in
transforming the ill-posed problem into the well-posed
one. The truncated SVD performs well in most cases except
that it fails to separate two targets on z-axis, while adaptive
regularization can separate two targets both on x–y plane
and z-axis. Compared with Tikhonov regularization in
which the parameter is not optimally selected, adaptive reg-
ularization is necessary to improve the accuracy of recon-
struction with the same parameter. Yet the adaptive
regularization might influence the real-time characteristic
of fluorescence tomography since the operation time relies
on the iterative time of such a global iterative algorithm.
Therefore, improving the computational efficiency might
be our further effort.

The robustness of adaptive regularization needs to be
proved both in theory and in small animal experiments
in future studies. The purpose of doing this is to make
sure that the termination condition of the algorithm can
be reached in any case. Comparison might be made as
well between adaptive method and the standard
Tikhonov regularization with the optimal regularization
parameter that can be obtained in L-curve, GCV, and
the discrepancy principle in the experiment in order to
further demonstrate the advantage of adaptive regular-
ization.
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